The objective of the study is to demonstrate using weak form partial differential equation ( angle. Strain responses of compressive creep tests at three temperatures and cyclic load tests were predicted using the weak form PDE modeling and found to be comparable with the measurements of the real laboratory tests. It was demonstrated that the weak form PDE based FE modeling can serve as an efficient method to implement new constitutive models and free engineers from user subroutine programming.
Introduction
As a viscoelastic material, an asphalt mixture exhibits a time and frequency dependent behavior.
The current stress or strain responses of the asphalt mixtures are affected by the whole history of the strain or stress inputs prior to the current time. Temperature has a significant influence on the material responses, which is commonly accounted for by modulus master curves and time-temperature shift functions. Extensive studies were performed to determine the appropriate shift functions and to develop the master curve models for dynamic modulus and phase angle of asphalt mixtures Biligiri et al. 2010; Zhang et al. 2012a; Zhao et al. 2012) . The dynamic modulus has become a major input for material properties in the Mechanical-Empirical Pavement Design Guide (MEPDG) (ARA 2004) . Relaxation modulus and creep compliance are also employed to characterize the viscoelastic properties of the asphalt mixtures, especially in a viscoelastic constitutive modeling (Gibson et al. 2003; Zhang et al. 2012b ). Theoretically, all viscoelastic variables including complex modulus (dynamic modulus as its magnitude), complex compliance, relaxation modulus and creep compliance are interconvertible. Studies were also presented in the literature to introduce these conversions for use in practice (Park and Schapery 1999; Mun et al. 2007; Katicha et al. 2008; Hu and Zhou 2010) .
The viscoelasticity of asphalt mixtures has been well characterized by viscoelastic theories and laboratory tests as shown in the aforementioned studies in the literature. However, applying viscoelastic models and theories in material performance predictions and pavement structural analysis are limited due to some implementation difficulties. For instance, in the pavement research community, Abaqus is one of the commonly-used finite element (FE) analysis programs that are utilized to model asphalt mixtures' performance and simulate pavement structures (Huang et al. 2011; Darabi et al. 2012; Zhu and Sun 2013) .
Nevertheless, the following limitations restrict the FE modeling of asphalt mixtures in Abaqus.
1) The existing viscoelasticity module cannot be used with any of the existing plasticity or damage modules in Abaqus (ABAQUS 2010) . A user material subroutine must be programmed in order to simultaneously address different material mechanisms such as viscoelasticity, plasticity, fracture, damage and their coupling effects.
2) The time-temperature shift factor can only defined as the Williams-Landel-Ferry (WLF) and Arrhenius functions (supported as Input File mode only). A user defined time-temperature shift factor must be coded using user subroutine programs.
3) Programming a user defined subroutine requires extensive experience with mastering the computer programming language, which distracts the pavement researchers' attention from the material constitutive modeling and narrows the pavement structural simulations.
4) The users need to spend significant efforts to debug the user defined subroutines to avoid potential computational errors and issues such as non-convergence, circular dependency, lowefficiency iteration, etc.
For other numerical programs developed by pavement researchers, similar problems still exist with additional issues such as non-user-friendly interfaces, limited modeling abilities and restrictions on specific constitutive models. A robust FE modeling method is needed to free pavement researchers from the numerical issues and simultaneously allow them to try their own material constitutive models in an efficient way in pavement analysis. The weak form partial differential equation (PDE) based FE modeling is the tool that can achieve the objective. Therefore, the objective of the paper is to demonstrate how a constitutive relation is modeled by the weak form PDE method and implemented in a finite element program without a need of user subroutine programming. The PDE based viscoelastic modeling of an asphalt mixture is demonstrated as an example in this paper to show how this can be done.
From a physics perspective, elasticity, viscoelasticity, plasticity, and fracture are different aspects of mechanical physics that may occur simultaneously in a material. The control or constitutive equations of these physics can be derived by thermodynamics using the virtual work principle and represented as ordinary differential equations (ODE) or partial differential equations (PDE) (ODE is treated as a special PDE). Thus different physics can be modeled simultaneously and evaluated for their interactions by solving the PDEs at one time. The weak form of a PDE is regarded as a generalization of the virtual work principle and is an important mathematical analysis method to find the solutions to the PDE. More explanations of the weak form of the PDE is presented in the section "Weak Form PDE Modeling of Viscoelasticity" of this paper, in which a structural analysis method is introduced to explain the concept of weak form PDE.
As a general-purpose FE program, Comsol Multiphysics provides an efficient computational platform to solve weak form PDEs and to address the coupling effects of different physics (COMSOL 2013a). The major advantage of using the weak form of PDE modeling in Comsol rather than traditional FE modeling is that no user subroutine is needed and the control/constitutive equations of different physics can be defined and solved by equation based models such as weak form PDEs. Thus the different physics such as viscoelasticity, plasticity, fracture, heat transfer and moisture diffusion can be easily modeled using weak form PDEs. Their interactions and coupling effects can also be evaluated. This paper is focused on viscoelastic modeling using the weak form PDE in Comsol and asphalt mixtures are selected as the viscoelastic materials to be tested for model calibration and validation. The next section presents the asphalt mixture materials and laboratory tests. Master curves of dynamic modulus and phase angle are constructed for six different asphalt mixtures. Then linear viscoelastic constitutive relations are introduced and relaxation modulus is determined using dynamic modulus and phase angle master curves. After that, weak form PDE modeling of viscoelasticity is presented based on a solid-like generalized Maxwell model. The weak form PDE modeling of viscoelasticity is verified by comparing the predictions with Abaqus results and is further validated by comparing the predictions with laboratory test results. The last section presents the summary and conclusions.
Laboratory Testing and Master Curves of Asphalt Mixtures
The objectives of laboratory testing are 1) to determine the viscoelastic properties of asphalt mixtures which are used as inputs to the weak form PDE based FE modeling; and 2) to validate the weak form PDE based modeling of viscoelasticity in the Comsol program.
Materials and Experiments
Laboratory tests were performed on lab-mixed-lab-compacted (LMLC) asphalt mixtures that were fabricated with one asphalt binder, at two air void contents and three aging periods. Three replicate specimens were fabricated for each combination of the variables. The testing protocol (including test method, loading parameters, and temperatures), materials and measurements are summarized in Table 1 .
As for the materials used in the tests, a commonly-used Texas Hanson limestone was selected in this study and the gradation of the aggregates was determined based on a Type C (coarse surface) dense gradation specified by the Texas Department of Transportation (TxDOT) (2004) . The optimum asphalt content was calculated based on the TxDOT test procedure (TxDOT 2008) and was determined as 4.4%.
The asphalt concrete specimens were compacted using the Superpave gyratory compactor to a cylindrical sample with 150 mm in diameter and 175 mm in height. Then the asphalt concrete samples were cored to 100 mm in diameter and cut to 150 mm in height. The target air void contents had two levels including 4% and 7%. Some of the asphalt concrete specimens were tested once they were fabricated, while some of the specimens were stored in the aging room and aged at a constant temperature of 60°C for 3 months and 6 months, respectively. Before testing, the specimens were put in an environmental chamber at the testing temperature for at least 3 hours to reach the equilibrium temperature. Then they were tested using a Universal Testing Machine (UTM) based on the test plan shown in Table 1 .
It is noted that the test results of dynamic modulus tests including dynamic modulus and phase angle are used to construct the master curves which are then employed to determine the viscoelastic properties such as relaxation moduli and used as the inputs to the FE modeling. The test results of creep tests and cyclic load tests are used to compare with the FE modeling predictions so as to validate the equation-based FE modeling of the viscoelasticity.
Dynamic Modulus Tests and Master Curve Constructions
Compressive dynamic modulus tests were performed at six frequencies and four temperatures as indicated in Table 1 . To ensure linear viscoelastic behavior of the material, different stress magnitudes were used in each level of temperature and frequency to limit the dynamic strains to less than 150 με which is recognized as the strain limit for the linear viscoelastic asphalt mixture under a compressive load (Levenberg and Uzan 2004) . Same criterion was used in determining the load levels in other laboratory tests. Trial tests were performed on dummy samples to determine the stress levels and ensure the strain limit is maintained. It basically requires lower stresses being applied at the lower frequencies and higher temperatures or for the asphalt mixtures with higher air void content and shorter aging period, as shown in Table 1 . The dynamic modulus and phase angle were measured using the built-in algorithm in the UTM data acquisition and analysis program.
In linear viscoelastic theory, the complex modulus is used to characterize the constitutive behavior of the viscoelastic materials when subjected to a stress or strain oscillation. The magnitude of the complex modulus is termed the dynamic modulus and the phase lag between stress and strain is the phase angle. The complex modulus is expressed as shown as below which employs a polynomial fitting function as the high temperature data are included (Francken and Verstraeten 1998; Biligiri et al. 2010) .
where T is the temperature in Kelvin and a , b, and c are fitting parameters.
The master curve model for the phase angle is a  -model developed by the authors (Zhang et al. 2012a ) which allows a non-symmetric bell-shaped master curve on the log-log plot of the phase angle versus the frequency. The  -model is presented as: given for the master curves of the dynamic modulus and phase angle in Fig. 1 and Fig. 2 , respectively. marked as "master curve" are the fitted dynamic modulus laboratory data using master curve models; the curves labeled as "predicted" are those predicted from the relaxation modulus modeled by Prony series as explained in the subsequent section.
Constitutive Relations and Relaxation Modulus of Asphalt Mixtures
The linear viscoelastic constitutive relations are firstly presented in terms of relaxation modulus for one-dimensional condition and using relaxation bulk and shear moduli for multiaxial condition. Then Prony series model coefficients of the relaxation modulus are determined based on dynamic modulus and phase angle master curves.
Linear Viscoelastic Constitutive Relations
The constitutive relations for a linear viscoelastic material are generally expressed as volumetric and deviatoric components of stress and strain tensors. Under multi-axial states of stress, the constitutive relations are presented as (Findley et al. 1989 ): Under a uniaxial state of stress, the constitutive relation is expressed as: 
where E  is a long term equilibrium modulus; m E are components of the relaxation modulus; m  are components of relaxation time; and M is the total number of the Maxwell elements (one Maxwell element is composed of one elastic spring and one viscous dashpot connected in series).
Similarly, the relaxation bulk modulus and shear modulus can also be expressed by a Prony series model as below:  are relaxation times for the bulk and shear responses, respectively, and it is normally assumed that
The relationships between   K t ,   G t and   E t can be established by a convolution integral using a time dependent Poisson's ratio (e.g.,   t  ) which is also a material property for viscoelastic materials. The laboratory measuring and viscoelastic modeling of the time dependent Poisson's ratio for asphalt concrete can be found in the literature (Zhang et al. 2012a; Zhang et al. 2014) . To simplify the analysis, a constant Poisson's ratio was assumed for the material, and one can have (Wineman and Rajagopal 2001) :
where 0  is the Poisson's ratio that is assumed as a constant in this study. Based on Eqs. 11 and 12, K  ,
 can be calculated once   E t and 0  are known. In this study, the values of Poisson's ratio for the six asphalt mixtures are obtained from the authors' previous study (Zhang et al. 2014) and the data are shown in Table 3 .
Determination of Relaxation Modulus Based on Dynamic Modulus Test Results
In the pavement community, the dynamic modulus test has become a standard test, e.g., simple
performance test, to characterize the viscoelastic performance of asphalt mixtures and the results of dynamic modulus have been used as a major input to the MEPDG (ARA 2004).
However, the relaxation modulus is more widely used in the performance prediction of asphalt concrete, such as in the finite element (FE) simulations and other computational programs. Thus it is convenient to determine the relaxation modulus based on the dynamic modulus test results, which have been extensively studied in the literature as discussed in the Introduction.
To determine the coefficients of the relaxation modulus in Eq. 8 based on the dynamic modulus test results, the following two relationships are commonly used:
Then the dynamic modulus and phase angle are determined as below:
Based on the master curves of the dynamic modulus and phase angle as constructed using Eqs. obtained for the other five asphalt mixtures, but not shown in the paper due to the length of the paper. The regressed relaxation modulus coefficients for the six asphalt mixtures are summarized in Table 3 , which basically indicates a higher modulus (take instantaneous modulus, for example) as the asphalt mixture has a lower air void content or a longer aging period.
It is noted that in this study, the dynamic modulus and phase angle were both utilized in the formulation of the regression minimization objective (as shown in Eq. 17) considering the fact that both dynamic modulus and phase angle are the two non-negligible components of the complex modulus. Using only one component of complex modulus may not accurately represent the viscoelastic properties of the material. It is also noted that Eq. 17 normalizes the two regression variables, i.e., dynamic modulus and phase angle, to avoid the influences of the different unit and magnitude of the regression variables on the regression objectives (i.e., the error) so that the two different variables can be accounted for in a single regression formulation. The similar regression techniques were also employed in the literature (Levenberg and Shah 2008; Zhao et al. 2013) .
Weak Form Equation-Based FE Modeling of Viscoelasticity
The stress and strain relations are derived for a solid-like generalized Maxwell model to represent the viscoelastic behavior of the material. Then weak form PDE is introduced and implemented step by step in Comsol to solve the viscous strains and predict the viscoelastic stress responses.
Stress and Strain Analysis in Generalized Maxwell Model
The 
The stress within each Maxwell branch is expressed as the sum of bulk stress and deviatoric stress (i.e., 
For a given strain history (e.g.,       
The three-dimensional stress-strain constitutive relation for the generalized Maxwell model is obtained by combining Eqs. 18, 20, and 24 and presented as:
Then the solved viscous strains together with the given strain history and the material properties (bulk and shear moduli) are used in Eq. 25 to predict the stress responses due to the given strain history. Thus Eqs.
23 and 25 define the multi-axial constitutive relations for a viscoelastic material and can be easily embedded in a finite element modeling such as in a weak form PDE modeling.
Weak Form PDE Modeling of Viscoelasticity
The weak form of a PDE is an important mathematical analysis method to find the solutions to the PDE. The original form PDE (e.g., Eq. 26) is a strong form which requires the PDE to be satisfied at every point and all terms must be sufficiently continuous for derivatives. However, the PDEs dominating natural physics are not necessarily continuous and some terms in the PDE are only defined over a small region. A weak form PDE provides a better model for these situations. Take a structural analysis as an example, Eq. 26 is the strong form PDE of the Poisson's equation.
where u and u are gradient and divergence of a vector u such as a displacement vector. f is a source, e.g., body force. c is a coefficient matrix such as a modulus matrix. Multiplying both sides of Eq.
26 by a test function v and integrating the both sides over a region Ω give:
If the solution to Eq. 26 is V and Eq. 27 holds for any v V  , one can say Eq.27 is equivalent to Eq. 26 in the region Ω. Integrating the left side of Eq. 27 by parts and using the Gauss theorem to convert a body integration to a surface integration and applying a surface traction boundary condition (e.g.,
where P is the surface traction and S is the area of the surface of the region Ω, i.e.,  .
Eq. 28 is the weak form for the strong form PDE in Eq. 26. In fact, the weak form PDE can be regarded as a generalization of the virtual work principle where the test function v is equivalent to the
 is a small virtual displacement disturbance, one can derive that the left side of Eq. 28 gives the virtual work increment due to the small displacement disturbance. The advantages of using the weak form PDE are 1) lower continuity requirement on the solution compared to the strong form PDE as the weak form reduces the maximum order of the spatial derivatives, e.g., Eq. 26 is a second-order derivative while Eq. 28 is a first-order derivative; 2) the boundary conditions are clearly specified in the weak form PDE, such as the surface integration in Eq. 28.
Because of these, a weak form PDE is particularly suitable for discretization and numerical solution using the finite element method.
Comsol Multiphysics provides strong solvers and user-friendly interfaces to find the solutions to any forms of PDEs using weak form modeling. In Comsol PDE modeling, users only need to input Weak Expressions which are the integrands of the weak form PDE. Comsol will then perform a numerical integration as   ) is the initial stress components which are used to represent the stresses due to viscous strains and will be automatically added to the total stresses in Comsol.
Verification and Validation of Equation Based FE Model
The weak form PDE modeling of viscoelasticity in Comsol is verified through comparing the modeling results in Comsol and that in Abaqus using the same material properties and loading configurations. It is further validated by comparing the weak form modeling results with laboratory test results of the asphalt mixtures.
Verification by Comparing with Abaqus Viscoelastic Simulations
The simulations in both Comsol and Abaqus platforms are performed based on identical material properties and loading configurations. The responding strains are computed by weak form PDE modeling of viscoelasticity in Comsol and by the viscoelastic module in Abaqus. The simulated sample is an axisymmetric cylinder with 100 mm diameter and 200 mm height. The material properties are determined based on one of the tested asphalt mixtures (i.e., the one with 4% air void content and 6 month aging in The first simulation is a creep and recovery test with confinement. In both platforms, the same loading configurations are applied on the sample: a hydrostatic confining pressure of 100 kPa is applied for 80 s; and a deviatoric stress is ramped up to 200 kPa in 1 s and kept constant for the first 30 s and then unloaded to zero within 1 s and maintained at zero until 80 s. Fig. 4 compares the axial and radial strains determined by the two platforms in a stress/strain vs. log (time) coordinate. It is found that the strains predicted by the two platforms matched well with each other (relative error < 0.1% at each calculation point) in every stage of the test including loading ramp, creep, unloading, and recovery.
The second simulation is a cyclic load test with confinement. In both platforms, the same loading configurations are applied on the sample: a hydrostatic confining pressure of 100 kPa is applied; and a deviatoric cyclic stress is loaded at a frequency of 0.05 Hz with an amplitude of 200 kPa. The test is terminated at 100 s (5 cycles). Fig. 5 shows the stresses and strains with loading time which also match well between the simulation results of the two platforms (relative error < 0.1% at each calculation point).
Figs 4 and 5 verify the consistency and accuracy of the weak form PDE-based modeling of viscoelasticity in Comsol, which can produce identical results with other finite element modeling platforms providing all simulation conditions remain the same.
It is noted that, at the same data acquisition rate, both Comsol weak form PDE-based viscoelastic modeling and Abaqus embedded viscoelastic modeling can complete the two simulations within reasonable computational time (i.e., approximately, Comsol used 2 minutes and Abaqus used 1 minute).
However, once further mechanisms such as plasticity, fracture, and damage are coupled with viscoelasticity in Abaqus, the existing embedded Abaqus viscoelastic module will not be workable and user-defined programming is needed for the coupled constitutive modeling. In contrast, the PDE-based modeling in Comsol will remain workable and compatible with PDE-based modeling of the other mechanisms, which will be presented in future publications. It must be emphasized that the time and effort required for Comsol programing based on user-interface inputs is super less than that required for Abaqus user-defined programing based on computer coding languages such as FORTRAN or C. Further evaluations of the computational efficiency for PDE-based FE modeling on coupled mechanisms are being performed for a complex material.
Validation by Comparing with Laboratory Results
More validations of the weak form PDE modeling of viscoelasticity are performed by comparing the simulation results with the laboratory test results. Table 1 lists the lab tests that are used in validation including 1) creep tests at three temperatures and 2) cyclic load tests. The loading parameters are also shown in Table 1 . Axial strains in the two validation tests were recorded for the six types of asphalt mixtures which are compared with the viscoelastic predictions based on the weak form PDE-FE simulations in Comsol. The material properties such as relaxation modulus and time-temperature shift factor used as inputs to the FE simulations are determined based on the dynamic modulus tests on the same mixtures, which are shown in Table 3 .
Figs. 6-11 show the comparisons between the weak form PDE-FE predictions and the laboratory results of the creep tests at three temperatures for the six asphalt mixtures with two air void contents and three ageing periods, respectively. In the figures, the curves with the legend of "Test Max" and "Test
Min" indicate that the strain curves are the maximum and minimum measurements of the three replicates at one temperature, respectively. It is found from the comparisons for all of the six types of the asphalt mixtures that the predicted strains substantially match with the measurements of the lab tests. It is noted that a lower static stress was applied at a higher temperature as shown in Table 1 , thus the strain measured at a higher temperature can be less than that at a lower temperature (e.g., the strain at 40°C is less than that at 25°C in Figs. 8, 10, and 11).
Figs. 12-17 show the comparison between the weak form PDE-FE predictions and the laboratory results of the cyclic load tests for the six asphalt mixtures with two air void contents and three ageing periods, respectively. In the figures, the measured total strains are decomposed into static strain and cyclic strain. The static strain is a mean strain based on which the total strain oscillates and the cyclic strain is the oscillation part of the total strain. Thus, the total strain is the sum of the static strain and the cyclic strain. It is found, from the comparisons for the six types of the asphalt mixtures, that the laboratory measured total strain is greater than the weak form PDE-FE predicted total strain. The possible reasons could be 1) a higher stress was used in the cyclic validation test than the dynamic modulus tests whose results were employed to determine the material properties as the FE inputs. Thus the nonlinear viscoelastic responses due to the higher stress were not be captured by the linear viscoelastic model used in the FE modeling; 2) some amount of plastic deformation might be introduced into the sample which was not represented in the FE modeling. It must be noted that the nonlinear viscoelasticity, plastic deformation and viscoplastic deformation can also be modeled by weak form PDE method, which have been achieved in the authors' current work and will be presented in future publications.
Nevertheless, the cyclic strains remain almost identical within each load cycle between the measured and the predicted ones for all of the six types of the asphalt mixtures, as illustrated in Figs. 12-17. The dynamic modulus and phase angle were calculated based on the cyclic strains predicted by the weak form PDE-FE modeling and measured by the laboratory tests, respectively. As illustrated in Fig. 18 , the dynamic modulus and phase angle are found to be comparable and matched well between the laboratory measurements and the PDE modeling predictions. This finding validates the accuracy of the viscoelastic modeling using the weak form PDE modeling in the FE program. In sum, Figs. 6-18 demonstrate that the weak form PDE-based viscoelastic modeling can reliably predict the responses of the viscoelastic material such as the asphalt mixtures. It can also be concluded from the comparisons that the viscoelastic material properties determined from dynamic modulus tests and master curves basically provide accurate model inputs for the viscoelastic simulations in the FE modeling.
Summary and Conclusions
The constitutive behavior of viscoelastic materials (asphalt mixtures were taken as examples) was modeled by a weak form partial differential equation (PDE) based finite element (FE) modeling. A solidlike generalized Maxwell model was used to represent the deformation mechanism of the viscoelastic materials. The viscoelastic stress and strain relations were derived and implemented in weak form PDE modeling in the Comsol Multiphysics program, which was verified by comparing virtual laboratory test simulations with Abaqus viscoelastic simulations. Creep and recovery tests and cyclic loading tests, both with confinements, were simulated in Comsol and Abaqus using the same loading configurations and material property inputs. Both produced the identical results in terms of axial and radial strain responses.
The weak form PDE modeling of viscoelasticity was further validated by comparing real laboratory test results with Comsol FE predictions. The material viscoelastic properties such as the Prony series model coefficients for relaxation modulus were determined by converting from dynamic modulus and phase angle master curves that were constructed using dynamic modulus test results. Strains in creep tests at three temperatures and cyclic load tests were predicted and found to be comparable with the measurements of the real laboratory tests.
It was demonstrated that the weak form PDE based FE modeling can serve as an efficient method to implement new constitutive models and free engineers from user subroutine programming.
Specifically, 1) the viscoelastic FE modeling using the weak PDE formulation is applicable for all linear viscoelastic materials, and asphalt mixtures were taken as an example in this study; 2) no user subroutine programming is needed in order to implement a new constitutive model using the weak form PDE method. The users only need to define their variables and input the weak form integrand expressions in the Weak Form PDE module interface; 3) the weak form PDE modeling allows the users to focus on material constitutive characterizations, but not to be bothered by the numerical issues such as convergence, iteration technologies, etc.
Recommended future work includes extending the weak form PDE modeling to modeling complicated physics/mechanisms such as nonlinearity, plasticity, fracture, damage, thermal and moisture diffusion and evaluate their coupling and interaction effects. These models are being under performed in the authors' current work and will be presented in future publications. (Zhang et al. 2014) Poisson's Ratio Weak form PDE-FE Predicted Dynamic Modulus (E*, 100 MPa) and Phase Angle (ϕ, °)
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